Modeling a crowd of pedestrians has been considered in this paper from different aspects. Based on fractional microscopic model that may be much more close to reality, a fractional macroscopic model has been proposed using conservation law of mass. Then in order to characterize the competitive and cooperative interactions among pedestrians, fractional mean field games are utilized in the modeling problem when the number of pedestrians goes to infinity and fractional dynamic model composed of fractional backward and fractional forward equations are constructed in macro scale. Fractional micromacro model for crowds of pedestrians are obtained in the end. Simulation results are also included to illustrate the proposed fractional microscopic model and fractional macroscopic model, respectively.
for the widespread use of this social force model lies in that heterogeneity of each pedestrian such as mobilities or reactions can be considered explicitly. Thus not only theoretical work but also simulation results have gained a lot of attention such as [4−7] and [8] . One thing should be pointed out is that the burden of computation in micro scale has imposed great challenges when the number of pedestrians goes to infinity and some effects such as pedestrian's memory, long range interactions or other statistical characteristics have been seldom considered in previous work. The burden of computation in microscopic model have been successfully removed in macroscopic model as all pedestrians are treated as uniform physical particles. Thus different kinds of macroscopic models have been published based on the conservation law of mass and momentum such as [9−12] , high order macroscopic model in [13] , nonlinear macroscopic model in [14] and coupled macroscopic-microscopic model in [15] . Although the burden of computation in macroscopic model has been reduced greatly compared with that in microscopic model, main disadvantages of macroscopic model are that individual characteristics of each pedestrian have been ignored and heterogeneity of different pedestrians cannot be characterized in the macro scale.
The authors believe that something important (as mentioned below) has been neglected in previous research and its effects should be included in the problem of modeling and control of crowds so that obtained results are close to reality. 1) Consideration of fractal time Movement of human beings is the result of complex interactions of physical part, psychological part and some other factors that cannot be explained easily. Inter-event time has been proved to have an important role in characterizing people's movement as shown in [1] . The fact is that the distribution of inter-event time in our real life satisfies one form of power law in most cases while distribution of exponential form has been always assumed in previous research using calculus of integer order. Thus fractional order of time scale should be considered in characterizing movement and decision process of human beings.
2) Consideration of fractal space Another important thing should be pointed out is that in previous research, the time scale of each pedestrian is assumed to be uniform and the dimensions of space are restricted to 1D, 2D and 3D. But these assumptions are only reasonable if the crowds of pedestrians can fill space like particles of gases or fluids while it is not the case usually. Thus only normal diffusive process has been considered in previous research and there are few results which have been obtained under subdiffusive process or super-diffusive process characterized by fractal space.
3) Consideration of interactions Long range interactions have been considered in the schooling of fish, flocking of birds and control of multi-agent systems and effects of long range interactions that dominate system's phase transition have received a lot of attention recently. Based on obtained results in [16] , we can say that long range interactions in micro scale are connected with the fractional dynamics in macro scale.
B. Modeling and Control Based on Mean Field
For crowds of pedestrians with large numbers, it is impossible and not necessary to consider all the interactions one by one. In previous research, methods based on mean field have been proposed to approximate the mass effects of these interactions for physical system, financial system and social dynamic system and the readers are referred to [17−20] . The basic idea of mean field framework is replacing all the interactions with an average interaction in "mean-field" form to relieve the burden of computation on each agent.
Mean field theory has been applied to control of multi-agent systems in [21−23] where decentralized consensus protocols and decentralized optimizing algorithms are considered using the philosophy of mean field. Mean field theory has also been applied to the modeling problem of crowds of pedestrians in recent years. For example, coupled dynamic model composed of backward Hamilton-Jacobi-Bellman equations and forward Fokker-Planck equations have been presented using mean-field limit approach in [20] ; Phenomenons that are occurring in two-population's interactions such as congestion and aversion have been modeled using the method of mean field games in [24] where coupled dynamic model composed of backward Hamilton-Jacobi-Bellman equations and forward Fokker-Planck equations are obtained; The mean field games theory has also been used to construct traffic model in macro scale based on interactions in micro scale in [25] while fractional dynamic games have been used in [26] to construct dynamic models for crowds of pedestrians.
With the help of calculus of fractional order, in this paper we try to include the fractal time, fractal space and statistical characteristics that have been neglected in previous research on the modeling of crowds so that obtained models could be much more close to reality. Based on our previous work on fractional modeling of crowds [27−29] , fractional mean field games theory has been investigated in this paper to describe the competitive and cooperative interactions among pedestrians. The rest of the paper is organized as follows. Fractional microscopic model, fractional macroscopic model and fractional dynamic model based on mean-field games are presented in Section III. Simulation results for the proposed fractional macroscopic model and fractional microscopic model have been shown in Section IV.
II. PRELIMINARIES
The definitions of fractal derivative and lemmas that will be used in the following are firstly presented for the easy of reading.
Definition 1 [30] . For a set F ⊂ R and a subdivision P [a,b] , a < b, the mass function γ α (F, a, b, ) is given by
] is non-empty, and zero otherwise, P [a,b] is a subdivision of the interval [a, b] and
the infimum being taken over all subdivisions P of [a, b] such that |P| < δ . Definition 2 [30] . Let a 0 be an arbitrary but fixed real number. The integral staircase function S α F (x) of order α for a set F is given by
otherwise.
Definition 3 [30] . The fractal derivative for
if the limit exists. From Definition 1 to Definition 3 listed above, it is easy to see that the definition of integer order can be treated as one special case of fractal derivative when α = 1. Thus the fractional calculus offers us much more freedom in modeling dynamic behaviors where ordinary differential equations and methods of calculus of integer order are inadequate.
III. MAIN RESULTS

A. Fractional Microscopic Model
The following dynamic model of integer order has been extensively used in previous research of particles, human beings or some other agents in micro scale
where x i is the position and v i is the velocity. One common assumption has been made that movement of each pedestrian is continuous and differentiable everywhere. That is the case if we observe the movement of each pedestrian with a very large scale such as in macro scale. However the condition of differentiable everywhere is hard to be satisfied in reality. So, will the dx dt give the true picture of pedestrian's movement in micro scale or will the d α x dt α be much closer to reality when only continuous condition is satisfied, are the questions to be explored. Related research on this fractional aspect has been shown in [31] to characterize the zigzag phenomenon that is unfolded in traffic control system. For each pedestrian, continuous but not differential trajectory is also very common due to interactions with its neighbors as shown in Fig. 1 . Another fact that has been neglected in lots of previous research is that memory of human beings has been seldom considered. This is another proof that d α x dt α is the much better choice than dx dt in characterizing the movement of each pedestrian. Dynamic model of integer order that was brought out by Dirk Helbing in [2 −3] has been extended to the following dynamic model of fractional order for each pedestrian
where x i and v i are position and velocity of each pedestrian (2) respectively, f S i is the self-driven force towards some desired velocity, f N i j is the interaction between agent i and its neighbor j and f W k represents the interactions with environment such as walls or corridors.
B. Fractional Macroscopic Model
As fractal time and fractal space have been neglected in previous models of crowds, only macroscopic models of integer order have been obtained in previous research. Some statistical phenomenons observed in recent years have forced people to reconsider the effectiveness of obtained dynamic model of integer order.
1) Distribution of inter-event time that is dominating or affecting movement of each pedestrian can be better approximated by power law rather than exponential distribution [1] . Thus dynamic models of integer order where exponential distribution has been assumed are no longer effective when confronted with the distribution of power law. As the hidden dynamics behind distribution of power law is connected with dynamics of fractional order, it is much preferable to model crowds of pedestrians using calculus of fractional order;
2) Different from particles of gases or fluids, pedestrians do not fill the 2D or 3D space and distribution of the pedestrians is not uniform in the entire space. Thus space of integer order is not enough to describe the distribution of pedestrians and fractal space of fractional order should be included in modeling of crowds of pedestrians.
Based on [9] where modeling of traffic system has been considered using calculus of integer order, we try to model crowds of pedestrians using calculus of fractional order in the following.
Denote ρ(x,t) as the density of crowds as shown in Fig. 2 , then mass of pedestrians between x = x 1 to x = x 2 at time t can be computed as
, the total mass that enters this domain from the left boundary at x = x 1 is given by
Similarly, the total mass that leaves this domain from the right boundary at
The change of people in the area between x 1 and x 2 is caused by crossing of people at the boundary of x 1 and x 2 . Assuming no pedestrians are created or destroyed, then the change of mass of pedestrians in space [x 1 , x 2 ] in time interval [t 1 ,t 2 ] is equal to the mass that is entering at x 1 minus that exiting from x 2 . This conservation can be described using
The above equation can also be written as the following double integral form
Since equation (7) should be satisfied for any t and any x, the following fractional order model for crowds of pedestrians in one dimensional space
can be derived where fractal time and fractal space have been included in (8) . Remark 1. Part of the results of fractional model in macro scale has been firstly brought out in [27] and is listed here to guarantee the completeness.
Remark 2. Similar results are also obtained in [32] where fractional model for traffic flow has been derived using fractional conservation law. Different from the work of [32] where dimension of time is α, dimension of surface is 2α and dimension of volume is 3α, there are no such restrictions in our fractional model (8) . Fig. 3 . Movement of pedestrians based on fractional mean field games.
C. Fractional Micro-macro Model
1) Fractional Hamilton-Jacobi-Bellman Equation
For each pedestrian i, we assume the following cost function to be minimized in his/her movement between initial starting point x(t 0 ) = x 0 and desired location x(T ) as shown in Fig. 3 .
where convex function h(T, x(T )) is the terminal cost, convex even function f (t, x(t), v(t)) describes some different kinds of running cost between the initial point and destination.
Remark 3. A typical quadratic cost function that is independent of position of pedestrians' can be selected as 1 2 |v| 2 to penalize pedestrians that are moving too fast; Much more generalized running cost functions that depend on time, position and velocity have been adopted in the following derivation of fractional Hamilton-Jacobi-Bellman equation.
Similar to the derivation of Hamilton-Jacobi-Bellman equation of integer order in optimal control, the fractional Hamilton-Jacobi-Bellman equation will be discussed firstly and then optimal velocity will be prescribed for each pedestrian at each time step. Suppose after an infinitesimal time interval dt α , the pedestrian will arrive at one new place x 0 + vdt α and thus incurring a travel cost of f (v)dt α where new cost function for the remaining journey is described by J(t 0 + dt α , x 0 + vdt α ). The above analysis leads to the following relationship between J(t 0 , x 0 ) and
Based on Taylor expansion, Equation (10) can be rewritten as
and the optimal problem (9) is now transformed into finding
Considering the fact that f (·) is an even function, the above minimization problem is equivalent to the maximization problem of
Based on the Legendre transformation H :
whose maximum value are functions of p. For the maximization problem of (12), we can see that the maximum value is obtained as H( ∂ β ∂ x β J(t 0 , x 0 )) for some v. Then substituting the minimum value −H( ∂ β ∂ x β J(t 0 , x 0 )) into (11), the following equation
] will be satisfied for any t 0 and any x 0 . Then the fractional Hamilton-Jacobi-Bellman equation is derived as
From the above discussions, we know that there is one v that minimize the following expression
. As seen from (13) , v as a function of p should satisfy that
On the other hand, the derivative of H(p) can be obtained as follows
using chain rule and then the velocity for each pedestrian to move in the next step is derived as
2) Fractional Macro Model Based on Fractional Mean Field Games
Based on inspiration of [25] on traffic system, we assume the following utility function for the i-th pedestrian
where the first term v i means that the i-th pedestrian tries to arrive his destination as fast as possible; the second term means that the i-th pedestrian adapts his velocity according to pedestrians around him. Bounded non-negative anticipating function ω(·) has been introduced to weigh different impacts of pedestrians in the neighborhood of the i-th pedestrian according to their distances. Thus for the i-th pedestrian, cooperative and competitive interacting with other pedestrians are manifested through choosing velocity in the next step.
First, we show that the following expression is satisfied
where N is the number of interacting pedestrians, ρ t (y) is the number of pedestrians in interval [x, x + dx β ] and ω(·) is the anticipating function mentioned above. Denote Γ N t (x) = 1 N ∑ 1 {x j <x} as the empirical distribution function for the crowds composed of N pedestrians. Then based on the Lebesgue-Stieltjes integral it can be concluded that 1
If there is one non-decreasing right-continuous function Γ t (x) such that the following expression is satisfied
will be satisfied. As ρ t (y) is the number of pedestrians in interval [x, x + dx β ], existence of non-decreasing right-continuous function Γ t (x) can be guaranteed from dΓ t (x) = ρ t (x)dx β . Thus we can impose the following mean field payoff function
for pedestrians that are competitively and cooperatively interacting with other pedestrians. Based on similar derivations shown in Section III-C-1, the following fractional Hamilton-Jacobi-Bellman equation
x 0 , ρ t (x))) = 0 can also be obtained for modeling cooperative and competitive crowds using mean field game theory when the number of pedestrians goes to infinity. Remark 4. Differences from previous work are listed as following: a) Only functions of Dirac type and exponential type for ω(x j − x i ) have been considered in [25] . Anticipating function of inverse power form
can be included in this paper considering the long range effects in interacting of multiple pedestrians, where 1 N has been introduced to normalize the effects of other pedestrians on the i-th pedestrian. b) Mean field games theory is also utilized in [20] for modeling crowds of pedestrians. But obtained results of [20] are only restricted to the framework of calculus of integer order and many statistical characteristics are not considered such as power law in distribution of crowds, power law in distribution of inter-event time and long range interactions among pedestrians.
3) Fractional Micro-macro Model As shown in Fig. 4 , the fractional micro-macro model for crowds of pedestrians using fractional mean field games can be described as the following backward-forward PDE systems
and The fractional microscopic model and fractional macroscopic model are connected through aggregation and disaggregation on Voronoi Diagram. From Fig. 4 , the following can be observed.
1) Movements of each microscopic model are determined by not only internal potential fields such as the self-driven force towards some desired velocity described using f S i in (16) but also external interactions from neighbors and environments which are described using f N i j and f W k . Some other elements such as deviations from optimal movement of the whole crowds are also playing an important role in the movement of each individual pedestrian. All these information are generated from the dynamic model in macro scale;
2) Density and velocity that are needed in macroscopic model are derived from aggregation of individual's position and velocity. When the number of pedestrians goes to infinity, the crowds of pedestrians are treated as some intelligent flows that are described with the help of fractional MFG as shown in (15) . For the backward part, v can be solved from the first line of (15) under initial condition on J(T, X T ) and initial distribution of ρ 0 (x); Then substitute the obtained v:
) into the forward part and ρ(t, x) will be obtained from the second line of equation (15) under initial condition ρ 0 (x).
Due to the complexity of crowds of pedestrians, fractional microscopic model and fractional macroscopic model that interacted with each other have been constructed in this paper. Fractional mean field games have also been utilized in describing the macroscopic model when the number of pedestrians goes to infinity.
Remark 5. To the author's knowledge, the paper is one of the first works applying fractional mean field games to fractional macroscopic and microscopic model for competitive and cooperative crowds of pedestrians. Although some theoretical results have been obtained, a lot of work is waiting for further efforts such as existence and uniqueness of solution, rate of convergence and stability of desired equilibrium.
IV. SIMULATION RESULTS
Considering unexpected or dangerous events in real-life experiment, only some initial simulation results are conducted to show the differences between model of fractional order and model of integer order in macro scale and micro scale. Due to the difficulties caused when the number of pedestrians goes to infinity, simulation results in macro scale and micro scale are separated in the following subsections. All we want to show is that calculus of fractional order has offered us much more freedom in describing complex phenomenon or dynamics such as crowds of pedestrians. It is much preferable to choose different model according to different scenarios and there are a lot of interesting problems needing to be considered in future.
A. Fractional Macroscopic Model
1) Simulation in Closed and Square Area Without Exit: Simulations on fractional macroscopic model (8) are firstly conducted where β = 1 is imposed for simplicity. Lax-Friedrichs scheme has been used to approximate the spatial derivatives in solving the nonlinear partial differential equations due to its efficiency in computation. Based on Lax-Friedrichs scheme, the following PDE on 2D plane
in this simulation and the following Gaussian distribution
has been selected as the initial distribution of density where C = 1 is the density value and (a, b) determines the center of this initial distribution. Average speed of free flow has been chosen to be v x = v y = 1.36 ms −1 as done in many previous studies for pedestrians. Pedestrians have also been assumed to move freely within a square area with no obstacles and no exits in the first simulations. Simulation results for α = 0.6 and α = 1 are shown in Figs. 5-6 and Figs. 7-8, respectively. From Fig. 5 and Fig. 7 , it can be concluded that pedestrians described using fractional model are much scattered in the closed square area than that described using model of integer order. Same conclusions can also be obtained from comparisons of Fig. 6 and Fig. 8 . Other fractional orders can also be tested using the methods proposed in this paper but data from reality are much preferable to find the proper orders for modeling the crowds of pedestrians in macro scale.
2) Simulation in Closed and Square Area with one Exit Based on results obtained in Section IV-A-1, the following dynamic model has been simulated for pedestrians in closed and square area with one exit
where C 0 = 0.8 is the anticipation term that describes the response of pedestrians to density of people and V and U are some desired velocity that are obtained for the crowds. In order to lead the crowd moving toward the exit, the desired velocity V and U are selected as done in [33] 
where V (ρ) and U(ρ) are the flux-density relationship for Greenshield's model.
Simulation results are shown in Figs. 9-10 where dynamic model with fractional orders 0.85 and 1 are used. Simulation results show that the density of pedestrians around the exit is much lower in model of fractional order than that obtained using model of integer order. In simulations, the authors found that the final density of pedestrians is depending on the fractional order selected in the simulation and how to choose the best order to model the dynamics of crowds is an interesting problem that is worthy of further consideration in future research. 
B. Fractional Microscopic Model
In this section, six pedestrians with fractional order α ∈ (0, 1), α = 1 and α ∈ (1, 2) are employed respectively to show their effects on pedestrian's evacuation process. Simulations of crowds of pedestrians with fractional order α = 0.6, α = 1 and α = 1.3 are shown in Figs. 11-13 respectively. Results show that all agents firstly reach consensus through interacting with their neighbors without games. But parts of them change their desired value and fragmentation phenomenon are observed through these simulations after some penalty terms are injected into the simulations. Obtained simulation results have shown that pedestrians with different orders have different performance. Thus fractional calculus has provided us much more freedom in analysis and control of this kind of complex system. How to quantitatively characterize the relationship between order of fractional model, fractional controller and fractional games are interesting topics to be considered by the authors. Fig. 11 . Responses of six pedestrians with α = 0.6. 
V. CONCLUSIONS
Modeling of crowds of pedestrians have been considered in this paper from the view of fractional calculus. Not only fractional microscopic models but also fractional macroscopic models have been proposed in this paper. Fractional mean field games theory has been introduced in the modeling of crowds of pedestrians and coupled PDEs composed of fractional backward part and fractional forward part have been investigated. Although some theoretical results and some initial simulations are presented in this paper, there is much more work unexplored along this topic, such as solution of fractal MFG systems, stability of the fractal MFG system and performance of this fractal system, controller design based on mean field, performance evaluation of dynamic crowds and security problems related to control of crowds.
